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Effective Knudsen diffusion coefficients are presented for fibrous structures con-
sisting of overlapping fibers. The fibers are distributed randomly ind (d = 2 or
3) directions with their axes perpendicular to one direction (d = 2) or in the three-
dimensional space with no preferred orientation (d = 3), or they are grouped into
d (d = 1, 2, or 3) mutually perpendicular bundles of parallel, randomly overlapping
fibers. Effective diffusivities are computed using a Monte Carlo simulation scheme

to determine the mean square displacement of molecules traveling in the interior of

the porous medium for large travel times. Our results show that structures with
fibers distributed randomly in d directions have diffusion coefficients identical,
within the accuracy of our simulation, to those of d-directional, parallel fiber struc-
tures. Effective Knudsen diffusivities are strongly influenced only by the direction-
ality of the fiber structure, with tridirectional or randomly oriented fiber structures
presenting lower percolation thresholds (0.04 vs. 0.11) and higher effective diffu-
sivities than bidirectional or random structures with their axes perpendicular to one
direction. The tortuosity factor is in general found to decrease with increasing
porosity, approaching for each case, as the porosity goes to unity, the corresponding
lower bound that is derived using variational principles.

Effective Knudsen Diffusivities in Structures

Introduction

Porous media with a solid phase that consists of or can be
represented by a structure of solid fibers are encountered in
numerous practical applications, ranging from thermal insu-
lation materials to filters for gases or liquids. Fibrous structures
are also involved, as starting materials, in the manufacture of
fiber-reinforced composites for structural applications. The
use of fiber-reinforced composites in commercial applications
has undergone a dramatic expansion over the last two decades,
and many of these materials now find use in products that
range from advanced aircraft to sporting goods. Fiber-rein-
forced ceramic-ceramic composites, in particular, are espe-
cially attractive for high-temperature applications such as
exhaust cones and nozzles in rockets, heat shields, and brake
disks for supersonic aircraft and race cars.

Diffusion of gases in fiber structures is the process that
controls diffusion-driven chemical vapor infiltration (CVI),
the most developed method for producing fiber-reinforced ce-
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ramic composites (Stinton et al., 1988). During this process,
gaseous reactants or the products of their thermal decompo-
sition are transported by diffusion to the interior o! the fibrous
preform, where they react to deposit a ceramic material on the
surface of the fibers. If the rate of chemical reaction is relatively
higher than that of mass transport, significant concentration
gradients may be present in the densifying structure, leading
in turn to nonuniform reaction rates and significant density
(or equivalently, porosity) gradients. Eventually, this may cul-
minate in complete sealing of the external surface of the pre-
form, preventing further densification of the interior. Using
a mathematical model describing diffusion and reac<tion during
chemical vapor infiltration, it is possible to determine optimal
reaction conditions for obtaining products of acceptable den-
sity gradients and reducing the processing time (Sotirchos and
Tomadakis, 1990). However, knowledge of the variation of
the effective diffusion coefficient and of the structural prop-
erties of the preform with the conversion is needed for such
an analysis, in addition to the kinetics of the reaction.
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The variation of the effective Knudsen diffusion coefficient
with the porosity in a class of fiber structures is the subject of
our study. We consider fiber structures formed by cylindrical
fibers distributed randomly in d (d = 2 or 3) directions (d-
directional, random-fiber structures), that is, with their axes
perpendicular to one direction (d = 2) or in the three-dimen-
sional space without preferred orientation (d=3). We also
consider fibrous structures in which the fibers are grouped into
d (d = 1, 2, or 3) bundles of parallel, randomly overlapping
fibers, with the bundles arranged in mutually perpendicular
directions (d-directional, parallel-fiber structures). Unidirec-
tional fiber structures may be viewed as representative of pre-
forms consisting of parallel fibers. Bidirectional fiber structures
or structures with fibers distributed randomly in two directions,
on the other hand, have the fibers arranged with their axes
perpendicular to one direction, and consequently, they may
be used as physical models of preforms made of cloth layups.
Although the fiber structures encountered in most practical
applications are not randomly overlapping, structures of ran-
domly overlapping fibers possess a number of special features
that make them particularly attractive, especially for computer
simulation. They permit a straightforward construction of fi-
nite samples of the porous medium, and they provide explicit
expressions for the variation of their structural properties with
the porosity and fiber size distribution, which can be used to
check whether the finite sample is statistically representative
of the infinite porous medium. Parallel, d-directional fiber
structures have the additional advantage that they are com-
patible with periodic boundary conditions, making possible
the construction of finite periodic samples that span the three-
dimensional space.

The effective Knudsen diffusion coefficients in the fiber
structures are computed by means of a Monte Carlo simulation
method. It rests in computing the trajectories of a large number
of molecules introduced randomly in a finite sample (unit cell)
of the fiber structure and using them to compute the mean
square displacement of the molecules from their initial posi-
tions for large travel times. The effective diffusivity is then
found from the mean square displacement equation (Kennard,
1938; Rahman, 1964), appropriately modified to account for
the presence of the solid phase. The information from the
molecular trajectory computations is also used to determine
the variation of the accessible structural properties of the solid
(e.g., surface area and porosity) with the total porosity. The
method can be used for any porous medium and in the tran-
sition and bulk diffusion regimes as well. Burganos and So-
tirchos (1989a) used it to compute effective diffusivities in
structures of randomly overlapping capillaries of various ori-
entation distributions. In order to check the results of the mean
square displacement method, effective diffusivities for a few
cases will also be determined using the transmission probability
method, in which the molecular trajectories are used to com-
pute the transmission probability of molecules through a pair
of parallel planes, normal to the direction of diffusion (Bur-
ganos and Sotirchos, 1988, 1989a). A brief description of the
procedures used for constructing finite samples of fiber struc-
tures and computing molecular trajectories is given in the fol-
lowing section.

Past work on Knudsen diffusion in overlapping fiber struc-
tures has primarily been focused on the derivation of upper
bounds using variational principles (Faley and Strieder, 1987,
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1988). Some numerical results on the effective Knudsen dif-
fusivity for the case of randomly oriented fibers, obtained using
the transmission probability method, were recently presented
by Melkote and Jensen (1989). The results of these studies will
be discussed during the presentation of our results.

Fiber Structures Construction and Computation
of Effective Knudsen Diffusivities

The construction of a finite sample for a porous structure
consisting of mutually perpendicular families of parallel, ran-
domly overlapping fibers is a process entirely analogous to
that discussed in detail by Burganos and Sotirchos (1988, 1989a)
for the corresponding capillary structures. The same obser-
vation also holds for the construction of samples for structures
consisting of fibers oriented randomly in two or three direc-
tions. Burganos and Sotirchos based the construction of each
bundle in their multidirectional pore structures on the number
of pores that lie in or intersect the finite sample of the structure.
For periodic samples, the construction procedure can be sim-
plified by considering only the fibers (or pores) with axes lying
in the finite sample. The positions of these fibers are readily
determined by considering a random distribution of points, as
many as the fibers, on one of the two faces of the cubic finite
sample that are perpendicular to the direction of the fibers.
By repeating the same distribution of points on the corre-
sponding faces of the neighboring cells and treating the points
as the traces of the axes of the fibers, a structure of parallel,
randomly overlapping fibers spanning the whole space in di-
rections perpendicular to the fibers is obtained. This procedure
is repeated for all d bundles in a d-directional structure.

A periodic, unidirectional structure of uniformly sized fibers
constructed by the above procedure is shown in Figure 1. The

Figure 1. Section of four periodic neighboring cells of
a unidirectional periodic fiber structure, per-
pendicular to fibers.

r/a = 0.05; ¢ = 0.5

January 1991 Vol. 37, No. 1 75



figure presents sections of four adjacent cells with a plane
perpendicular to the direction of the fibers for 50% porosity
and a unit cell side to fiber radius ratio equal to 20. The section
of a structure of randomly oriented fibers is shown in Figure
2 for the same porosity and unit cell side to fiber radius ratio
as the structure of Figure 1. For fibers of 1 um radius, Figures
1 and 2 depict 20 x 20 um sections of the fiber structures.

Structures of randomly oriented fibers are constructed by
distributing randomly in three directions the axes of the fibers
that intersect the unit cell of the structure (Burganos and So-
tirchos, 1989a). If the axes of the fibers are distributed ran-
domly in two directions only—that is, are kept parallel to a
pair of faces of the unit cell—an anisotropic fiber structure,
the randomly oriented analog of the bidirectional, parallel-
fiber structure is obtained. Construction of periodic unit cells
for randomly oriented structures, in both three and two di-
rections, is impossible. In order to avoid working with very
large samples, it is assumed that in the case of randomly ori-
ented fibers, the infinite porous medium consists of identical
unit cells, cubic with side @, arranged in such a way that any
two neighboring cells are mirror images of each other with
respect to their common face. The resulting structure can also
be viewed as a periodic, space-filling scheme employing cubic
unit cells of side 2a. The construction of randomly oriented
fiber structures (in two or three directions) is more involved
than that of parallel fiber structures, but in both cases the
computational effort required for constructing the unit cell is
negligible in comparison to the time needed for computing the
effective diffusivity.

Burganos and Sotirchos (1989a) presented expressions for
the dependence of the porosity, ¢, and surface area, S, of the
finite samples of multidirectional, parallel-pore structures on
the radius and number density of the pores. Since the porosity

Figure 2. Section of unit cell of a structure of fibers
randomly oriented in three directions.
r/a = 0.05;¢ = 0.5
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of a fiber structure is equivalent to the solid fraction of a pore
structure, these expressions may readily be transformed to the
corresponding expressions for the structural properties of fiber
structures by simply replacing (1 —¢) by €. For intinitely large
samples, the porosity and surface area of an n-mcdal, discrete
random fiber structure are given by the relations

¢ = exp (-W > 1,.r,z) M

i=1

S = 2me Y, I, )

with /; being the length of axes of fibers with radius 7; per unit
volume. It is clear from the form of Egs. 1 and 2 that the
average structural properties of the random-fiber structures
are independent of the distribution of their orien:ation. For a
d-directional fiber structure consisting of d statistically iden-
tical bundles, /,/d is the number of traces of fiber axes per unit
area on the faces of the unit cell that are perpendicular to one
of the bundles.

Effective Knudsen diffusivities in the above structure are
computed by means of a Monte Carlo simulaticn procedure
using the mean square displacement, < 52 >, of a large number
of molecules, introduced randomly in the unit cell, for large
values of travel time, 7. <£2> is used to obtain the orienta-
tionally averaged effective diffusivity, D,, while the mean
square component of the displacement in the x, v, or z direc-
tion, <£2, . .>, gives the effective Knudsen dif fusivities as-
sociated with diffusion in these directions. The expressions
used are (Kennard, 1938; Rahman, 1964):

2
D, = &> (3a)
6r
<&y o>
De(x,y, orz) — x,2”: - (3b)

In order to test the results of the mean square :lisplacement
method, effective diffusivities in a given directicn were com-
puted for a few cases using Monte Carlo estimates of the
transmission probability of molecules traveling in the fiber
structure, that is, the probability that molecules passing a plane
perpendicular to the direction of diffusion will be transmitted
through another plane that is parallel to the firs: and located
at some known distance from it (Abbasi, 1981; Burganos and
Sotirchos, 1988).

The trajectories of the molecules in the fiber structures are
followed using a computational procedure similar to that pre-
sented in detail by Burganos and Sotirchos in previous pub-
lications (1988, 1989a). The molecules are assumed to undergo
diffuse reflections at the walls of the fibers. In order to locate
the next collision of a molecule, we find all potential inter-
sections of the straight path followed by the molecule with the
fiber walls and the boundaries of the unit cell. The position
of the next collision of the molecule is then taken as the closest
intersection to the position of the last collision. [f the closest
intersection happens to be with one of the faces of the unit
cell, the molecule is allowed to move, retaining its direction
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of travel, into the adjacent cell, which is either identical to the
original one (d-directional, parallel-fiber structures) or its mir-
ror image relative to the face at which ‘collision took’ place
(d-directional, random-fiber structures).

Results and Discussion
Effective diffusivity results

The results presented and discussed in this section are for
fiber structures consisting of fibers of uniform size (unimodal).
The computer simulation results for the effective Knudsen
diffusivities in directions parallel (D,) and perpendicular
(D.xor ) to the fibers of a unidirectional, unimodal fiber struc-
ture are shown in Figure 3. Shown there is also the orienta-
tionally averaged effective diffusivity (D,) of this anisotropic
fiber structure, Eq. 3a. The diffusivities reported in Figure 3
and all other figures have been rendered dimensionless and
independent of the fiber size using as reference value the Knud-
sen diffusivity in a pore of radius equal to the fiber radius,
D(r) = (2/3)rv.

The data points shown in the figures represent simulation
results for different random realizations of the fiber structures,
with each point obtained from a single realization. The porosity
of the fiber structures was varied by changing the population
density of the fibers (/; in Eq. 1), keeping the fiber radius to
the unit cell side ratio, r/a, constant, or conversely by keeping
the population density constant and changing the ratio r/a.
Fiber radius to unit cell side ratios ranging from 0.01 to 0.07
were employed in our computations, and the number of fibers
used ranged from 200 to 1,200 per cell. The total number of
molecules that was introduced in the unit cell was varied with
the porosity of the realization so that the number of molecules
that fell in the void space of the structure was about 500. The
sensitivity of the simulation results to the realization increased
with increasing r/a, but the porosity of the structures proved
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Figure 3. Effective Knudsen diffusivities for a unidirec-
tional fiber structure.

D,,, parallel to fiber axes, D,, and D,,, perpendicular to fiber axes
D, orientationally averaged value
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to be the only factor that systematically influenced the pre-
dicted effective diffusivities. Since each data point shown in
Figures 3, 6, 7, and 9 was obtained from a single realization,
information on the statistical error involved in our simulations
may be obtained from direct inspection of the figures. Away
from the percolation threshold, the average statistical error—
as the results of the figures show—varied from about 20% at
low porosities to less than 5% in the high-porosity region.
Since the effective diffusivity decreased precipitously in the
vicinity of the percolation threshold, the relative statistical
error was much higher in this region. One of the worst cases
may be seen in Figure 7 for diffusion perpendicular to the
fibers of a bidirectional fiber structure, where the estimated
effective diffusivity at 0.14 porosity for the seven realizations
shown in the figure ranged from 1.1 x 107*to 3.4 x 1073,

The results for the effective diffusivities in the z direction
that are represented using filled circles were computed by means
of an expression for diffusion in tubes of nonreentrant shape,
that is, with walls parallel to the direction of diffusion, given
by Kennard (1938). According to this expression, the effective
diffusivity in the z direction is given by

— 27
v
D, = 8_A S 4 SO sdopdA 4)

where A is the cross-sectional area of the unit cell and s is the
distance from the area element dA to the walls of the fiber
structure on the plane of the cross section at an angle ¢ with
respect to some reference line. For points lying in the solid
phase, s is obviously equal to zero. A Monte Carlo simulation
scheme (Burganos and Sotirchos, 1988) was used to compute
the double integral of Eq. 4. As the results of Figure 3 show,
the diffusion coefficients of Eq. 4 are in excellent agreement
with those of the mean square displacement method. This was
also found to be the case for the effective diffusivities obtained
using the transmission probability method. Results obtained
using this method are shown by solid triangles in Figure 3.
The shape of the D, , vs. e curve reveals the existence of
a percolation threshold for diffusion in directions perpendic-
ular to the fibers. Our computations located this threshold at
about 33% porosity, in agreement with the 66-67% percolation
threshold reported by Burganos and Sotirchos (1988) for dif-
fusion in unidirectional capillary structures. For porosities be-
low this threshold value, there exists no infinitely large subset
of the void space that spans the fibrous structure in directions
perpendicular to the fibers, and as a result, the corresponding
effective diffusivities D,, and D,, are identically equal to zero.
The effective diffusivities of Figure 3 for diffusion in di-
rections parallel (D,,) and perpendicular (D, ., ,) to the fibers
of a unidirectional fiber structure are compared in Figure 4
with the corresponding effective diffusion coefficients of a
unimodal, unidirectional pore structure that were reported by
Burganos and Sotirchos (1988). One should note the different
location of the percolation threshold for diffusion perpendic-
ular to the directions of the fibers or pores. We also observe
that pore structures exhibit lower diffusivities than fiber struc-
tures of the same porosity (for fibers and pores of the same
radius), with the exception of D, in the region of low poros-
ities. A partial explanation for this behavior may be obtained
by considering the variation of the mean intercept lengths of
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Figure 4. Effective diffusivities of unidirectional fiber
structures and unidirectional pore structures.

the pore and fiber structures (4¢/S), that is, the mean distance
traveled between molecule-wall collisions, with the porosity.
It can be shown using Eqs. 1 and 2 that the mean intercept
length of structures of fibers of uniform size, d, is given by
the expression
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Figure 5. Orientationally average effective diffusivity of
unidirectional fiber or pore structures com-
pared with that based on average pore radius
T = 2/Sfory = 3.

The corresponding expressions for the pore structuures, on the
other hand, give

TS (l—e)ln(l—e; ©

The above equations state that as the porosity goes to zero,
the dimensionless mean intercept length approackes zero for
fibers but converges to 2 for pores (the diameter of the pores).
In view of this result, it is not surprising that pore structures
present lower diffusional resistance at low porositie:. The mean
intercept length for fiber structures remains smaller than that
for pore structures up to 0.5 porosity, while at higher porosities
the opposite relationship holds.

The Knudsen diffusivity based on the average pore radius
7 = d/2 can be used to construct a correlation for the effective
Knudsen diffusivity of a porous medium of the form

D, = <D (7a)
7

D, _ed

D(ry 2q9r (70

where 7 is the tortuosity factor. The dimensionless effective
diffusivities predicted by Eq. 7b for n = 3 (a commonly used
approximation of the effective Knudsen diffusivitv of porous
media) are compared in Figure 5 with the orientationally av-
eraged effective diffusivities for structures of unidirectional
fibers, Figure 3, and unidirectional pores (Burganos and So-
tirchos, 1988). It is seen that the tortuosity factor of unidi-
rectional fiber or pore structures, based on D(7), is smaller
than 3 at all porosities. For pore structures, it asymptotically
approaches 3 as the porosity goes to zero. Pore overlapping
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Figure 6. Effective Knudsen diffusivities paraliel to
piane defined by fiber directions in bidirec-
tional fiber structures.
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is negligible at low porosities, and hence the structure of the
solid becomes equivalent to a bundle of nonoverlapping cap-
illaries of radius 7 = r; see Eq. 6. Notice that the variation of
d/r with the porosity is implicitly given by that of D,/D(r)
predicted by Eq. 7b.

Effective diffusivities parallel to one bundle (D,, . ;) or
perpendicular to both bundles (D,,) for a bidirectional fiber
structure are presented in Figures 6-8. A percolation threshold
is found to exist, for diffusion in all directions, at about 11%
porosity, in agreement with the 89% porosity for complete
fragmentation of bidirectional pore structures reported by Bur-
ganos and Sotirchos (1989b). The data points represented by
open circles in Figures 6 and 7 were obtained using structures
of randomly oriented fibers with their axes parallel to the (x,
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Figure 8. Comparison of results of Figures 6 and 7.
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2) plane. The results show that the orientation of the fibers
on the (x, 2) plane has practically no effect on the value of
the effective diffusion coefficient. The effective diffusion coef-
ficient perpendicular to the fibers was found to be more sen-
sitive to the realization used in the computations—compare
Figures 6 and 7—and systematically smaller than that for dif-
fusion parallel to the (x, z) plane, Figure 8. However, this
difference is relatively small, indicating that a bidirectional or
random in two directions fiber structure is weakly anisotropic.
This result is in contrast with that obtained by Burganos and
Sotirchos (1989a) for pore structures where the Knudsen dif-
fusivity perpendicular to the pores was found to be much
smaller (by more than one order of magnitude in the low-
porosity range) than the Knudsen diffusivity in directions par-
allel to either of the pore bundles. The cause for this different
behavior probably lies in the fact that straight uninterrupted
paths are available for diffusion parallel to the (x, z) plane in
a pore structure, while much longer, tortuous paths must be
followed by molecules diffusing perpendicularly to the pores.

The variation of the effective diffusivity in the isotropic
tridirectional fiber structure with the porosity is shown in Fig-
ure 9, where it is compared with the effective diffusivity based
on the average radius 7 = 2¢/S, Eq. 7, for tortuosity factor
7 equal to 3. The dotted curve gives the diffusivity predicted
by Eq. 7 when the accessible porosity and the mean intercept
length of the accessible pore space, ¢ and d“, obtained from
our simulation results, are used instead of e and d. Alsoshown
in Figure 9 are the effective diffusivities computed for fiber
structures constructed by positioning fibers randomly in the
three-dimensional space (open circles). As in the case of bi-
directional fiber structures, Figures 6 and 7, it is again seen
that the orientation of the fibers—that is, whether they are
randomly distributed or are grouped into three statistically
identical bundles positioned in mutually perpendicular direc-
tions—has practically no effect on the value of the effective
Knudsen diffusivity.

The orientationally averaged effective diffusivities for all
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Figure 9. Effective diffusivities in tridirectional (parallel

or random) fiber structures.
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structures considered in this study are plotted as functions of
porosity in Figure 10 along with the Knudsen diffusivity of
Eq. 7, again for tortuosity factor n equal to 3. It is seen that
in contrast to the unidirectional case, the effective diffusivities
for bidirectional and tridirectional fiber structures (parallel or
random) are smaller than that based on the average radius,
7, for porosities lower than 40-45%, indicating that their tor-
tuosity factor relative to D(F) is larger than 3 in this range.
The directionality of the structure influences insignificantly
the results above 50% porosity for two- and three-directional
structures, but unidirectional structures give significantly higher
orientationally averaged diffusivities over the whole porosity
range. Bidirectional and tridirectional fiber structures present
marked differences in their effective diffusivities mainly in the
low-porosity region—actually, the most important for densi-
fication studies—probably because of their different perco-
lation thresholds. The behavior seen in Figure 10 is different
from that observed by Burganos and Sotirchos (1989a) for
capillary structures. The orientationally averaged Knudsen dif-
fusivity of capillary structures was found to be practically
independent of the directionality and orientational distribution
of the capillaries, that is, on whether they were randomly
distributed or grouped into one, two, or three bundles, over
the whole porosity range. It should be pointed out that in many
practical applications involving anisotropic unidirectional or
bidirectional fiber structures, such as chemical vapor infiltra-
tion, diffusion takes place mainly in one direction; conse-
quently, the orientationally averaged effective diffusivities
presented in this graph are of no use in such cases.

Results for structural properties

The dimensionless mean intercept length d/r and surface
area Sr computed in our simulations for the realizations used
to obtain the results shown in Figures 3~10 are shown in Figures
11 and 12, respectively, and compared to the theoretical results
(for very large samples) given by Eq. 5 (solid curves). For the
percolating bidirectional or tridirectional structures (parallel
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Figure 11. Computed dimensionless mean intercept
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or random), the data points shown refer to the total pore space
of the solid, not to its accessible part only. The meun intercept
length was computed as the arithmetic mean of the paths be-
tween molecule-wall collisions, with all molecules allowed to
travel for the same time. The surface area was then obtained
from d and ¢ using the first part of Eq. 5: S = d4¢/l. The very
good agreement of the simulation results for 4 and S with the
theoretically expected values indicates that the finite sample
realizations employed in our computations were statistically
representative of the infinite fiber structures.

Figure 13 presents the dependence of the accessitle porosity
on the total porosity for the three groups of fiber structures
considered in our study. (For the unidirectional fiter system,

Unimodal Fibers
-
(Vs
S
Qz
<C
Ly
Q
£
A 0:1-D
0.2 o : 2-D (2 Bundles or Random)
& : 3-D (3 Bundles or Random)
1 —: Equation (5)
0 N LA R R
0 0.2 0.4 0.6 0.8 1
POROSITY
Figure 12. Computed dimensionless surface area vs.
porosity.
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accessibility is defined with respect to flow perpendicular to
the fibers.) Our results were found to be in agreement with
those presented by Burganos and Sotirchos (1989b) for the
equivalent problem of solid-phase fragmentation in structures
of cylindrical capillaries. The accessible porosity of the fiber
structure was determined as the ratio of the number of mol-
ecules that are found to travel in connected areas of its pore
space to the total number of molecules introduced randomly
in the porous sample (Burganos and Sotirchos, 1989b). A mol-
ecule is considered to travel in the connected part of the pore
space of the solid if the region of space that has been visited
during its sojourn extends over one unit cell of the fiber struc-
ture, that is, if the maximal coordinate of its trajectory in the
x, y, or z direction differs from the corresponding minimal
coordinate by a distance greater than one unit cell side. Need-
less to say, the accuracy of such a computation depends strongly
on the travel time or, equivalently, the travel distance of the
molecules. Since the effective diffusivity of the structure de-
creases precipitously as the percolation threshold is ap-
proached, travel times much larger than those needed for
computing effective diffusivities must be employed.

If the molecules are not given enough travel time to visit,
on the average, an area larger than the unit cell, some or all
of the molecules may be erroneously classified as moving in
isolated parts of the pore space, leading in turn to an over-
estimation of the inaccessible porosity and of the percolation
threshold. A rough estimate of the minimum travel time re-
quirements, in terms of the number of molecule-wall collisions,
N,, may be obtained using the mean square displacement equa-
tion, Eq. 3a, and the equations:

Wi

D(r) = - or (8a)

or = N.d° 8b)
Equation 8a is the expression for the Knudsen diffusivity, while
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Eq. 8b follows from the definition of d as the mean distance
between molecule-wall collisions. Combining Eqgs. 3a, 8a, and
8b, we obtain the equation:

2 el ) Q)
@ & [D(r) r Ne a ©)

where a is the unit cell side. For given r/a and porosity, Eq.
9 may be used to find the number of molecule-wall collisions
required to obtain a certain value of mean square displacement.
For e = 0.2 and r/a = 0.02, for instance, Eq. 9 gives that in
order that the molecules be displaced, on the average, from
their initial positions by one unit cell side (i.e., < 2> = &),
about 10,000 collisions are needed in a tridirectional (parallel
or random) fiber structure. (Figures 9 and 11 were used to find
the values of D,/D(r) and d?/r.) The number of collisions
required for such a displacement increases exponentially as the
percolation threshold is approached and D,/D(r) approaches
zero.

Over 200,000 collisions per molecule were used in our sim-
ulations in the vicinity of the percolation threshold to obtain
the results shown in Figure 13. Considerably higher percolation
thresholds, for the randomly oriented fiber structure, were
recently reported by Melkote and Jensen (1989): 10-15% vs.
4% computed in our study. Their results also show formation
of significant inaccessible pore space at porosities as high as
40%, while as Figure 13 shows, the fraction of inaccessible
pore space is zero for porosities above 10%. The existing dis-
crepancies between our inaccessible pore space results and those
of the above study are most probably due to the relatively low
number of molecule-wall collisions, only 5,000, used in the
latter. Melkote and Jensen report a very strong dependence of
their inaccessible porosity results on the number density of
fibers (or equivalently, on the fiber radius), which lends further
support to the above explanation. Specifically, they report
increasing inaccessible porosity with increasing number density
of fibers, that is, with decreasing fiber radius. However, the
average displacement of the molecules decreases proportionally
to the fiber radius for the same number of molecule-wall
collisions; see Eq. 9. Therefore, more molecules may be wrongly
determined as traveling in inaccessible regions as r/a is de-
creased if an insufficient number of collisions is used in the
simulation. It should be pointed out that the effective diffu-
sivities computed by Melkote and Jensen (1989) using trans-
mission probabilities, to be discussed later, suggest a percolation
threshold closer to our result.

Burganos and Sotirchos (1989b) used probabilistic argu-
ments to derive a correlation that could be used to relate the
fragmented solid fraction of two- or three-directional pore
structures to the total porosity using the simulation results for
the fragmented fraction, perpendicular to the pores, of uni-
directional pores. An analogous expression can also be derived
for fiber structures. If ei(e) (d = 1, 2, 3) is the inaccessible
porosity of a d-directional fiber structure for porosity e, this
expression has the form

e = [ef (VD)% d = 2,3 10

For the percolation thresholds, Eq. 10 states that the perco-
lation threshold of a d-directional fiber structure can be ap-
proximated by the dth power of the percolation threshold of
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unidirectional fiber structures, for flow perpendicularly to the
fibers. As an inspection of Figure 13 reveals, the results ob-
tained in this study are in good agreement with the predictions
of Eq. 10.

The solid and the void phases of unidirectional fiber struc-
tures percolate, perpendicularly to the fibers, at the same po-
rosity level; consequently, their percolation threshold can be
located as the largest porosity at which infinite clusters of fibers
appear. A cluster identification scheme was used to identify
clusters of fibers in the unit cell of unidirectional fiber struc-
tures. If any of these clusters was found to transverse the unit
cell, that is, to contain boundary fibers from two opposite
faces of the unit cell, the void space of the fiber structure was
assumed to consist of disjoint finite regions: that is, the fibrous
structure was considered impervious to diffusion. For a given
realization (positions of the fiber axes in space), the porosity
of the structure was varied by varying the radius of the fibers.
In this way the maximum radius and minimum porosity that
gave only finite clusters was located. Fiber densities ranging
from 50 to 1,000 per unit cell were used in our cluster iden-
tification studies. The percolation threshold was then com-
puted as the average of the percolation thresholds of 50 different
realizations of the same number of fibers. The average per-
colation threshold was found to be about 0.33 and practically
independent of fiber densities in the above range, in agreement
with the results of past investigations (Pike and Seager, 1974).
However, increasing the number of fibers in the cell tended to
decrease the range in which the percolation threshold varies.
The average percolation threshold and standard deviation were
found to be:

No. Avg. Perc. Std.
Fibers Thresh. Dev.
50 0.321 0.085
200 0.329 0.045
1,000 0.327 0.032

In order to reduce the scatter of our accessible porosity results
and obtain an average curve for its variation with the total
porosity, accessible porosities were computed working with
fiber structures that would percolate exactly at the average
value obtained by the cluster identification procedure. A sim-
ilar approach was also followed for bidirectional and tridi-
rectional parallel-fiber structures. Specifically, the realization
of each bundle of fibers was chosen so that it would by itself
percolate at the average threshold of a unidirectional fiber
structure. Such an approach cannot be followed for the ran-
domly oriented bidirectional and tridirectional structures, but
the accessible porosity results for these structures proved to

be considerably less sensitive to the realization.

It should be pointed out that even if the structure of a porous
medium can be represented by randomly overlapping fibers,
the data of Figure 13 are not representative of the variation
of the inaccessible porosity of the fibrous structure with the
porosity during densification (by chemical vapor infiltration,
for instance). Regions of inaccessible pore space should not
participate in the chemical reaction once they are formed.
However, since the structures used to compute the results of
Figure 13 are constructed at all porosities using overlapping
cylindrical fibers, it is essentially assumed that solid deposition
occurs at all points of the internal surface area at all porosities.
The ““actual’’ accessible porosity vs. total porosity (¢ vs. €)
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curves are therefore expected to be shifted to the right relative
to the curves shown in Figure 13, with the ‘‘actual’’ percolation
threshold of each case appearing between the point where
noticeable formation of inaccessible porosity starts to take
place and the threshold of Figure 13. However, sinice formation
of inaccessible pore space in the uncorrelated percolation prob-
lem, Figure 13, is completed within a narrow range of porosity,
the differences of the ‘‘actual’’ €® vs. e curves f-om those of
Figure 13 will most probably be small. The intestigation of
the correlated percolation problem is among the subjects of
our current research efforts. :

Comparison with estimates of upper bounds

Using variational principles, upper bounds can be derived
for the Knudsen effective diffusivity of a porous medium
(Strieder and Aris, 1973). The bound is writter: in terms of
certain averages depending on the geometry of the void-solid
interface. For certain classes of porous media these averages
can further be expressed in terms of the average »roperties of
the structure (e.g., porosity and internal surface area). The
upper bound on the effective diffusivities of porous media is
usually given in terms of the permeability coefficient C, defined
by the equation

JL de
= =C — (11
lapl J2eMRT

J is the diffusion flux, and L is the distance across which a
pressure difference 1Ap| or concentration differsnce lAcl is
maintained. _

Using the definitions of D,, d, and v,

JL
D, = 75 = IIRT (122)
.4
d= Ee (12b)
_ 8RT
v = M (12¢)

one can readily transform Eq. 11 into an expres:ion relating
the effective diffusivity D, to the permeability co=fficient C:

v 13)

w| ™

D,=C

Comparing Eqs. 7 and 13, we see that the variable tortuosity
that must be used in Eq. 7 to make its predictions agree with
our simulation results is n = 4/(3C). The values of C that
correspond to our simulation results can be obtained from the
dimensionless diffusivities and structural properties of Figures
3-12 using the equation (cf. Eq. 13)

2 /Sr De
€=3 (6—2) [D(r)]

Faley and Strieder (1987) considered the problem of Knudsen

a4
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Figure 14. Variation of permeability coefficient with po-
rosity in unidirectional fibers.

Dotted curve obtained from Eq. 15 using parameters of
Table 1

diffusion in a direction perpendicular to the fibers of a uni-
directional fiber structure. They derived the bound C =< 0.763,
which is compared in Figure 14 (dashed line) with the C vs. ¢
results of Figure 3 using Eq. 14. It is seen that our simulation
results approach the Faley and Strieder bound at the limit of
avery dilute bed (¢ — 1), but significant deviations are observed
at low or moderate porosity values. In a later paper, Faley
and Strieder (1988) derived upper bounds for the Knudsen
permeability for two or more configurations of flow through
fibrous beds. When the fiber axes are oriented at random,
perpendicular to the direction of flow, Figure 7, the upper
bound on C is found to be 0.7489, while for beds of fibers
oriented randomly in three directions, the well-known result
of Derjaguin (C < 12/13) is obtained. Figures 15 and 16
compare our simulation results for fibers distributed randomly
in two and three directions, respectively, with the above perme-
ability bounds. It is again seen that our computational results
are in excellent agreement with the upper bounds for very dilute
beds (e — 1). However, the numerically computed Knudsen
permeabilities decrease monotonically with decreasing poros-
ity, becoming identically zero at the percolation thresholds.
In order to render our simulation results readily usable by
people working in areas involving diffusion in fibrous beds,
such as the fabrication of ceramic composites by chemical
vapor infiltration, we searched for simple, one-parameter cor-
relations that would provide satisfactory approximations to
the computed effective diffusivities using the known structural
properties of the fibrous structures. Various one-parameter
correlations were tested, and the one that appeared to work
the best for all cases examined in this study was of the form
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Figure 15. Variation of permeability coefficient with po-

rosity in bidirectional (parallel or random) fi-

bers.
Dotted curve obtained from Eq. 15 using parameters of

Table 1
1—¢,\ @
1= TNmin (—”) (16)

€—€p

T

in terms of the tortuosity, Eq. 7b, with ¢, being the percolation
threshold of the fiber structure in the direction of diffusion.
The dotted curves of Figures 14, 15, and 16 give the perme-
ability coefficient vs. porosity curves predicted by Eq. 15 for
the case considered in each figure, using the values of « listed

Upper Bound~"

0.1
3-D
Unimodal Fibers

: Grouped into Bundies
: Randomly Oriented

: Other Simulations
: Experimental Data

0O x ¢ e

PERMEABILITY COEFFICIENT C

T

0o 02 04 06 0.8 1
POROSITY

C = Cpax (ﬁ) ) 15 Figure 16. Variation of permeability coefficient with po-
l-e¢, rosity in tridirectional (parallel or random) fi-
bers.
in terms of the permeability coefficient C, Eq. 13, or equiv- Dotted curve obtained from Eq. 15 using parameters of
alently, of the form Table 1
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Table 1. Parameters Used in Eqs. 15 and 16

Direction Crax Nmin € o

1-D F4 2.43 0.549 0 0
X,y 0.763 1.747 0.33 1.099
2-D y 0.749 1.780 0.11 1.005
X, 2 1.16 1.149 0.11 0.954

3-D X, ¥, Z 12/13 13/9 0.037 0.921

in Table 1. Also listed in the table are the maximum values of
the permeability coefficient and minimum values of tortuosity
for each case.

The value of o was determined using a parameter estimation
procedure based on the minimization of the square error be-
tween the permeability coefficients computed from our sim-
ulation results using Eq. 14 and those predicted by Eq. 15.
The C,,,, (O 1,,,) values of Table 1 for unidirectional and
bidirectional (1-D and 2-D) structures perpendicular to the
fibers and tridirectional fibers in any direction are those ob-
tained through variational principles. The listed values for 1-
D and 2-D structures parallel to one bundle of fibers were
obtained from our simulation results. All 5 vs. porosity results
obtained in this study are summarized in Figure 17. Interest-
ingly enough, the tortuosity factor parallel to the fibers of
unidirectional structures appears to be invariant over the whole
porosity range, which is exactly what the parameters of Table
1 also suggest. To emphasize this result, the obtained (5, ¢€)
pairs for diffusion parallel to the fibers of 1-D structures are
also shown in the figure. The solid curves shown in this figure,
as well as in all previous figures, were obtained through cubic
spline approximation to the simulation data using software
provided with the graphics package used to plot our results.
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Figure 17. Variation of tortuosity factor, based on dif-
fusivity for r = 26/S, with porosity for all
cases.
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Comparison with experimental data and simulation
results of other studies

The experimental data shown in Figures 15 and 16 are based
on permeability measurements performed by Brown (1950).
The data of Figure 15 were obtained for flow in a hed of disks
stamped out of thin sheets of glass wool fibers and laid on top
of each other in the sample holder in such a manner that the
fibers were almost perpendicular to the tube axis. that is, to
the direction of gas flow. For the second series :f measure-
ments, presented in Figure 16, the fibers were cu: into 1 cm
lengths and placed in the fiber holder with no preferred ori-
entation. Brown performed his experiments in the slip flow
regime. By plotting the measured flow rates vs. the mean pres-
sure in the bed, he determined the viscous and slip contributions
to the total flow rate from the slope and intercept of the
resuiting straight line. Carman (1956) used Brown's results to
determine the value of the tortuosity factor 5 in Eq. 7 (k”/6
in Carman’s symbols) on which we based the parmeability
factor C plotted in Figures 15 and 16 (C = 4/[37n').

The experimentally measured permeability factors are smaller
than those computed numerically, but the diffcerences are
smaller for the bidirectional random-fiber structures. It is in-
teresting to note that Brown himself expressed doubts as to
whether the fibers were truly randomly oriented ir: his second
series of measurements (Brown, 1950). However, even if the
experimental data are correct, it is debatable whethear the same
tortuosity factor can be used for pure Knudsen ditfusion and
the slip contribution during slip flow. Experiments with small,
nearly spherical synthetic crystals (Barrer and Grove, 1950)
gave tortuosity factors 18% higher in the slip region than in
the Knudsen regime, while Carman’s (1956) experiments in
powder beds suggested lower tortuosity factors for slip flow.

Figure 15 also presents simulation results for Knudsen dif-
fusion in structures of randomly oriented fibers, cbtained by
Melkote and Jensen (1989) using the transmission probability
method (Davis, 1960; Abbasi, 1981; Burganos and Sotirchos,
1988). There is good agreement between their results and those
obtained in this study at low porosities, but significant dif-
ferences are observed in the high-porosity region. These dif-
ferences cannot be attributed to the different methods used in
the two studies because using the transmission psrobability
method, we obtained results identical to those o the mean
square displacement method for the fiber structures used in
our study. (We chose the mean square displacement method
for the bulk of our computations because it requires, in general,
less computer time and, in contrast to the transmission prob-
ability method, is capable of giving both the orientationally
averaged effective diffusivity and the diffusivities in other di-
rections with a single set of simulation computations.)

The different results of Melkote and Jensen (1989) could be
due to the use of periodic boundary conditions for the mo-
lecular trajectories on a nonperiodic unit cell. Specifically, they
reintroduced into the unit cell molecules reaching one of its
lateral faces through the opposite face, retaining their direction
of travel. Since the unit cell is nonperiodic, its parallel faces
are practically unrelated to each other. Consequently, mole-
cules reintroduced in the unit cell as above have probability e
of entering the void of the unit cell and (1 — €) of entering
the solid phase. According to Melkote and Jensen, ‘‘The mol-
ecule is then sent to the closest cylinder such that its intersection
with the trajectory is within the cell boundaries.’” In other
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words, the (1 — ¢) fraction of molecules that fall in the solid
phase are allowed to “‘travel’’ within the solid fibers until they
reach a point of the void-solid interface lying in the unit cell
(R. R. Melkote, personal communication, 1990). This treat-
ment of the diffusing molecules modifies drastically the trans-
port and accessibility characteristics of the fiber structure since
by ‘“traveling’’ through the solid phase, molecules originating
from a certain point can now visit areas that would otherwise
be inaccessible to them.

Summary and Conclusions

A numerical investigation of the problem of Knudsen dif-
fusion in structures of randomly overlapping fibers of various
orientation distributions was carried out. The axes of the fibers
were randomly distributed in d(d = 2 or 3) directions or
grouped into d(d = 1, 2, or 3) mutually perpendicular bundles
of parallel, randomly overlapping fibers (d-directional, ran-
dom or parallel fiber structures). Effective diffusivities were
computed using the mean square displacement of molecules
traveling in the porous medium for large travel times. It was
determined using a Monte Carlo simulation process based on
following the trajectories of a large number of molecules, each
traveling independently, introduced randomly in a finite sam-
ple of the fiber structure. Using a method proposed by Bur-
ganos and Sotirchos (1989b), the computed molecular
trajectories were also used to determine the accessible porosity
and internal surface area of the structures. Appropriate bound-
ary conditions were imposed on the faces of the finite sample
in order to be able to obtain simulation results representative
of the infinite medium. In order to check the results of the
mean square displacement method, effective Knudsen diffu-
sivities were also computed by numerical integration of an
analytical expression for straight tubes (Kennard, 1938), ap-
plicable to diffusion parallel to the fibers of unidirectional
structures, and by using Monte Carlo estimates of the trans-
mission probability of molecules through a pair of parallel
planes.

Our results showed strong dependence of the effective Knud-
sen diffusivity on the directionality of the fiber structures at
low and intermediate porosity values, including the orienta-
tionally averaged diffusivities for the anisotropic one- and two-
directional structures. This result is in sharp contrast with the
conclusions of Burganos and Sotirchos (1989a) for capillary
structures, where the directionality had practically no effect
on the orientationally averaged effective diffusivity. However,
the effective diffusivities were found to be independent of the
orientation of the fibers in two or three directions, that is, on
whether they were randomly distributed or grouped into two
or three bundles of parallel fibers. With respect to the diffusion
coefficient based on the average radius r = 2¢/S, the orien-
tationally averaged tortuosity factor of unidirectional fiber
beds is smaller than 3 at all porosities, while for fibers dis-
tributed randomly in two or three directions this happens for
porosities above 40-45%. As the porosity approaches unity,
the tortuosity factor approaches the corresponding lower bound
for each case derived using variational principles (Faley and
Strieder, 1987, 1988).

The percolation threshold of tridirectional (parallel or ran-
dom) fiber beds—that is, porosity at which the void space
forms only finite regions and mass transport cannot take
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place—is lower than that of bidirectional or random in two
directions beds (0.04 vs. 0.11). As a result, the latter, which
are weakly anisotropic, have lower effective diffusivities. This
suggests that it may be advantageous to use three-dimensional
random or woven structures instead of cloth layups as preforms
in chemical vapor infiltration. Unidirectional structures pre-
sent a much higher percolation threshold for transport per-
pendicular to the fibers (~0.33), but since they are always
accessible parallel to the fibers, their orientationally averaged
effective diffusivity is much higher than those for other di-
rectionalities.

Notation
Symbols that do not appear here are defined in the text.

side of cubic unit cell, m

permeability coefficient, Eq. 11

directionality of fibers (d = 1, 2, or 3)

mean intercept length (d = 4¢/S), m

Krzludsen diffusivity in a cylindrical capillary of radius r,
m*/s

effective diffusivity, m?/s

length of axes per unit volume of fiber of radius 7;, m/m>
molecular weight, kg/kmol

number of molecule-wall collisions

fiber radius, m

average pore radius (f = 2¢/S), m

ideal gas constant, J/kmol-K

internal surface area, m?/m?

temperature, K

mean thermal speed of molecules, m/s

:«Q..Q.Qa
[

s

e-'\]h%wl\gg-.\rp

Greek letters

o = parameter, Eqgs. 15, 16
€ = porosity
€5 = accessible porosity of a d-directional fiber structure
= tortuosity factor
< 2> = mean square displacement, m?
7 = travel time
Superscripts

a = accessible structural properties

Subscripts

X, ¥, 2 = X, ¥, or z direction
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